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Tiny violation of Lorentz invariance has been the subject of theoretic study and experimental test for a long
time. We use the Standard-Model Extension (SME) framework to investigate the effect of the minimal Lorentz
violation on the structure of a neutron star. A set of modified Tolman–Oppenheimer–Volkoff (TOV) equations
are proposed in considering the minimal Lorentz violation, and then an approximate perturbation solution up to
the leading order of Lorentz violation is found. We also estimate the quadrupole radiation of a spinning neutron
star due to the anisotropy in its structure caused by the minimal Lorentz violation. The calculation puts forward
a new test for Lorentz invariance in the strong-field regime when continuous gravitational waves are observed
in the future.
I. INTRODUCTION
Neutron stars are important objects in astrophysics as the
observation of them provides unique tests of gravitational the-
ories and fundamental principles [1–3]. The masses and or-
bital parameters of highly magnetized rotating neutron stars
that emit radio waves in a binary system can be accurately
determined by pulsar timing techniques [1, 4, 5]. Another
observation channel, the direct gravitational wave detection
from binary neutron stars, though only had its practice in 2017
[6], is having more facilities in construction and developing
promisingly [7–11]. No matter through pulsar signals or grav-
itational waves, the information of neutron stars we receive
not only supplies us knowledge about matter at supranuclear
densities [12–14], but also constrains various alternatives to
General Relativity (GR) [15–18].
We are particularly interested in testing gravitational the-
ories with tiny violation of Lorentz invariance, which is be-
lieved to be a possible quantum gravity effect [19–26]. At
the low-energy level, any kind of such violation includes cou-
plings between the Lorentz-violation fields and the conven-
tional fields in effective field theory [27]. The framework
is called the Standard-Model Extension (SME) [28, 29], in
which the complete Lagrangian density reads [30]
LSME = LGR +LSM +LLV +Lk . (1)
In the expression, LGR represents the usual Einstein-Hilbert
term for General Relativity, andLSM is the Lagrangian density
of the Standard Model. One of the extra terms, LLV, consists
of Lorentz violation couplings in the form of
(
k(d)
)a
Ja, with(
k(d)
)a
being a Lorentz-violation field and Ja being an operator
of mass-dimension d constructed from the conventional fields.
The other term, Lk, describes the dynamics of the Lorentz-
violation fields.
The Lorentz-violation couplings in LLV are naturally cate-
gorized by the mass-dimensions of the conventional field op-
erators. For our purpose, we only consider the gravitational
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SME where the conventional field operators Ja are constructed
using the Riemann tensor so that d starts with 4 [30, 31].
The d = 4 coupling is simply 116piG
(
k(4)
)αβγδ
Rαβγδ, but inten-
tionally introduced in terms of the trace-free components of(
k(4)
)αβγδ
and Rαβγδ in Ref. [31] as
L(4)LV =
1
16piG
(
−uR + sµνRTµν + tαβγδCαβγδ
)
, (2)
where RTµν is the trace-free Ricci tensor and Cαβγδ is the Weyl
conformal tensor. By splitting the d = 4 Lorentz-violation co-
efficient
(
k(4)
)αβγδ
into three pieces, u, sµν, and tαβγδ, Eq. (2)
consists of all the Lorentz-violation couplings in the minimal
gravitational SME. Any coupling with the mass dimension d
of the conventional field operator greater than 4 belongs to
the nonminimal sector of the SME framework [30, 32–34].
Nonminimal couplings involve more derivatives and are con-
sidered to be suppressed at least by factors of EMP , where E is
the energy below which effective field theory works and MP
is the Planck mass. Therefore, we will only consider the min-
imal couplings in our work but point out that extending the
treatment to nonminimal Lorentz-violation couplings is still
a relevant topic as in some specific Lorentz-violation models
there is no minimal Lorentz-violation coupling and therefore
the dominant effect comes from nonminimal terms [35, 36].
As we study gravity at the classical level, in Eq. (1), LSM
is replaced by the Lagrangian density for macroscopic mat-
ter. Given an explicit expression for Lk, we can get a set of
modified Einstein field equations with Lorentz violation by
taking the variation with respect to the metric gµν. Though
the modified Einstein field equations depend on the specific
dynamics of the Lorentz-violation fields in Lk, it is shown in
Ref. [31], that in the weak-field regime, the linearized mod-
ified Einstein field equations at the leading order of Lorentz
violation can be expressed using the vacuum expectation val-
ues of the Lorentz-violation fields under several reasonable as-
sumptions. Those vacuum expectation values of the Lorentz-
violation fields, denoted as u¯, s¯µν, and t¯αβγδ, and to be dis-
tinguished from the fields themselves, are called the Lorentz-
violation coefficients. Introducing the Lorentz-violation coef-
ficients makes the SME framework practically useful by al-
lowing experiments to test the coefficients without worrying
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2about the dynamics of the corresponding fields as long as
gravity is weak [18, 37, 38]. A large amount of constraints
have been put on the Lorentz-violation coefficients from vari-
ous terrestrial experiments [39–42] and astrophysical observa-
tions [32, 34, 43–50] that assume the validity of weak gravity.
When applied to neutron stars, actually we face the fail-
ure of the weak-field assumption. An explicit expression for
Lk is necessary for deriving a set of modified Einstein field
equations as the linearized version in Ref. [31] is hardly valid.
Considering the difficulty in solving the modified Einstein
field equations with a dynamical Lorentz-violation field, we
decide to take another route where we first derive a set of
Newtonian hydrostatic equations containing corrections from
Lorentz violation using the linearized result in Ref. [31], and
then promote the equations to the relativistic case in the way
that the Tolman–Oppenheimer–Volkoff (TOV) equation is re-
covered in the absence of Lorentz violation. The strategy is
inspired by the post-TOV approach [51, 52]. Our method in-
herits the model-independent advantage of the SME frame-
work and saves us from the trouble of solving the full modified
Einstein field equations.
We begin in Sec. II to describe the procedures to obtain the
set of modified TOV equations containing Lorentz-violation
corrections. In Sec. III, an approximate solution is presented
and its validity is pondered. The relevant calculation to de-
termine the angular dependence of the solution is shown in
Appendix A. Then, the quadrupole radiation from a spinning
neutron star deformed by the minimal Lorentz violation is es-
timated in Sec. IV. The possibility of using continuous grav-
itational waves to constrain Lorentz violation is discussed.
Throughout the work, we follow the notation and conventions
of Ref. [29]
II. THE MODIFIED TOV EQUATIONS
The TOV equation describes the distribution of the den-
sity and pressure inside a perfect fluid whose local energy-
momentum tensor can be expressed as
T µν = ( + p)uµuν + pgµν , (3)
where  is the proper energy density and p is the proper pres-
sure of the fluid. The 4-velocity uµ can be taken as
(
1√−g00 ,
~0
)
for a static configuration, and then the energy-momentum con-
servation equations DµT µν = 0 give
∂ip + ( + p)
∂ig00
2g00
= 0 . (4)
Equation (4) seems to indicate that static structures of fluids
only depend on the metric component g00. However, other
metric components come into the Einstein field equations in
solving g00, and the presence of the fluid variables themselves
in the field equations complicates the problem. In the case of
a spherical fluid, the solution for g00 can simply be written as
g00 = −1 + 2Gm(r)r , (5)
in the Schwarzschild coordinates, where the mass function is
defined as m(r) ≡ 4pi ∫ r0  (r′) r′ 2 dr′. Hence, Eq. (4) gives the
standard TOV equation
∂rp = −( + p)
(
Gm(r)
r2
+ 4piGrp
) (
1 − 2Gm(r)
r
)−1
, (6)
with the angular equations vanishing as expected.
In the case of the minimal Lorentz violation, the static New-
tonian solution for g00 obtained in Ref. [31] reads
g00 = −1 + 2U + s¯ jkU jk + O(1PN) , (7)
where s¯ jk with j, k = 1, 2, 3 are the vacuum expectation values
of the spatial components of the Lorentz-violation field sαβ,
namely the spatial components of the Lorentz-violation coef-
ficient s¯αβ. The Newtonian potentials U and U jk are defined
as
U = G
∫
1∣∣∣~x − ~x ′∣∣∣ ρ(~x ′) d3x′ ,
U jk = G
∫
(x j − x′ j)(xk − x′ k)∣∣∣~x − ~x ′∣∣∣3 ρ(~x ′) d3x′ , (8)
where ρ is the baryonic rest mass density. The relative dif-
ference between ρ and , namely Π = −ρ
ρ
, is the internal en-
ergy per unit baryonic mass. Note that we have ignored the
temporal component s¯00 as it merely rescales the gravitational
constant G in a static system and hence does not produce any
observable effect. For the same reason, the Lorentz-violation
coefficient u¯ does not appear and a traceless condition
ηi j s¯i j = 0 , (9)
can be imposed. As for the absence of the Lorentz-violation
coefficient t¯ αβγδ, it is proved in Ref. [31], that all the terms in-
volving it automatically cancel out, though a plausible phys-
ical explanation for this remains missing at the moment (the
so-called t puzzle) [53].
Equation (7) represents the Lorentz-violation solution for
g00 generated by the couplings in Eq. (2) at the Newtonian
level. When plugged into Eq. (4), we get a set of Newto-
nian hydrostatic equations with modifications from the mini-
mal Lorentz violation. These equations are
∂rp = ρ
(
∂rU +
1
2
s¯ jk∂rU jk + O(1PN)
)
,
∂θp = ρ
(
∂θU +
1
2
s¯ jk∂θU jk + O(1PN)
)
,
∂ϕp = ρ
(
∂ϕU +
1
2
s¯ jk∂ϕU jk + O(1PN)
)
. (10)
As indicated by “O(1PN)” in the expressions, post-Newtonian
terms can be included as long as their explicit expressions are
added into Eq. (7).
Now we want to promote Eqs. (10) to their relativistic ver-
sion [51, 52]. Note that in the absence of Lorentz violation,
3ρ, p,  and hence U, are functions of r alone for a spherical
static fluid. We see that the replacements
U → UGR ≡ G
∫
1∣∣∣~x − ~x ′∣∣∣ (~x ′) d3x′ ,
ρ→ ρGR ≡ ( + p)
(
1 − 4piGrp
∂rUGR
)
(1 + 2r∂rUGR)−1 , (11)
recover the standard TOV equation from the first equation in
(10) with vanishing s¯ jk. Therefore, we take the bold resolution
that together with
U jk → U jkGR ≡ G
∫
(x j − x′ j)(xk − x′ k)∣∣∣~x − ~x ′∣∣∣3 (~x ′) d3x′ , (12)
the replacements (11) promote Eqs. (10) to their relativistic
version, namely the wanted modified TOV equations contain-
ing the minimal Lorentz violation.
III. THE PERTURBATION SOLUTION
The fact that any Lorentz-violation effect must be tiny to be
consistent with the experimental support for Lorentz invari-
ance naturally suggests us to treat the Lorentz-violation terms
in Eqs. (10) and in their relativistic version as perturbations.
We can use the usual spherical solutions in GR as the zeroth-
order solutions, and then find the anisotropic corrections to
 and p at the first order of s¯ jk. To start, we write the fluid
variables  and p, the potentials UGR and U
jk
GR, and the newly
defined quantity ρGR as perturbation series
 = (0)(r) + (1)
(
~x
)
+ . . . ,
p = p(0)(r) + p(1)
(
~x
)
+ . . . ,
UGR = U
(0)
GR(r) + U
(1)
GR
(
~x
)
+ . . . ,
U jkGR = U
jk (0)
GR
(
~x
)
+ U jk (1)GR
(
~x
)
+ . . . ,
ρGR = ρ
(0)
GR(r) + ρ
(1)
GR
(
~x
)
+ . . . . (13)
The zeroth-order fluid variables, (0)(r) and p(0)(r), satisfy the
standard TOV equation (6), and can be solved given an equa-
tion of state (EOS). After that, U(0)GR(r), U
jk (0)
GR
(
~x
)
and ρ(0)GR(r)
can be calculated using
U(0)GR(r) = G
∫
S
1∣∣∣~x − ~x ′∣∣∣ (0)(r) d3x′ ,
U jk (0)GR
(
~x
)
= G
∫
S
(x j − x′ j)(xk − x′ k)∣∣∣~x − ~x ′∣∣∣3 (0)(r) d3x′ ,
ρ(0)GR(r) =
(
(0) + p(0)
) 1 − 4piGrp(0)
∂rU
(0)
GR
 (1 + 2r∂rU(0)GR)−1 ,(14)
where the integral region S for the zeroth-order potentials is
the fluid sphere given by a GR solution. In the following
derivation, all the zeroth-order quantities will be treated as
knowns.
Then, up to the first order of s¯ jk, the equations for the per-
turbative pressure, p(1)
(
~x
)
, can be written as
∂rp(1) = ρ
(0)
GR
(
∂rU
(1)
GR +
1
2
s¯ jk∂rU
jk (0)
GR
)
+ ρ(1)GR∂rU
(0)
GR ,
∂θp(1) = ρ
(0)
GR
(
∂θU
(1)
GR +
1
2
s¯ jk∂θU
jk (0)
GR
)
,
∂ϕp(1) = ρ
(0)
GR
(
∂ϕU
(1)
GR +
1
2
s¯ jk∂ϕU
jk (0)
GR
)
. (15)
In these equations, (1) and p(1) are the Lorentz-violation cor-
rections to be solved. Lorentz violation not only raises cor-
rections to the fluid variables but also changes the shape of
the fluid, hence the boundary conditions. Assuming the ra-
dius of the fluid sphere to be R for a given GR solution, then
taking the perturbative change due to Lorentz violation into
consideration, the shape of the fluid can be written as
r = (1 + α(θ, ϕ))R , (16)
where α(θ, ϕ) is to be determined up to the first order of s¯ jk.
Therefore, the boundary conditions for  and p are
0 = 
∣∣∣∣
Σ
= (0) (R + α(θ, ϕ)R) + (1)
(
~R
)
,
0 = p
∣∣∣∣
Σ
= p(0) (R + α(θ, ϕ)R) + p(1)
(
~R
)
, (17)
where Σ is the surface described by Eq. (16) and ~R represents
the position vectors for points on S . As usual, Eqs. (17) apply
up to the first order of s¯ jk.
The difficulty to solve Eqs. (15) comes from the fact that
U(1)GR and ρ
(1)
GR depend nontrivially on 
(1) and p(1). We can
handle U(1)GR
(
~x
)
by writing it as
U(1)GR
(
~x
)
= G
∫
Σ−S
1∣∣∣~x − ~x ′∣∣∣ (0)(r) d3x′
+G
∫
S
1∣∣∣~x − ~x ′∣∣∣ (1)(~x ′) d3x′ . (18)
At the first order of s¯ jk, the first integral vanishes because it
can be approximated at r = R and (0)(R) = 0 is guaranteed
in GR solutions. On the other hand, the complexity in ρ(1)GR is
beyond our capability to deal with. For the moment, we treat
it as a third independent quantity in addition to (1) and p(1).
We will discuss the issue of it after showing the perturbation
solution.
As (1) and p(1) are Lorentz-violation induced anisotropic
corrections, the usual isotropic EOS that relates p(0) and (0)
does not apply to them. Instead, by assuming that the sec-
ond derivatives of p(1) exist, Eqs. (15) themselves imply two
conditions
∂θρ
(1)
GR ∂rU
(0)
GR = ∂rρ
(0)
GR
(
∂θU
(1)
GR +
1
2
s¯ jk∂θU
(0) jk
GR
)
,
∂ϕρ
(1)
GR ∂rU
(0)
GR = ∂rρ
(0)
GR
(
∂ϕU
(1)
GR +
1
2
s¯ jk∂ϕU
(0) jk
GR
)
. (19)
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y
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FIG. 1. Different views of a neutron star with minimal Lorentz violation. For illustrative purpose, we choose s¯xy = 0.5 and all the other
components of the Lorentz-violation coefficient s¯ jk vanish.
Skipping the tedious calculation using series expansion, we
give the final form of the perturbation solution as
p(1)
(
~x
)
= −α(θ, ϕ)r ∂rp(0)(r) ,
(1)
(
~x
)
= −α(θ, ϕ)r ∂r(0)(r) ,
ρ(1)GR
(
~x
)
= −α(θ, ϕ)r ∂rρ(0)GR(r) , (20)
which are surprisingly tidy and simple. It is straightforward to
verify that the solution (20) satisfies Eqs. (15) and Eqs. (19),
as long as the spherical harmonic expansion of α(θ, ϕ) is
α(θ, ϕ) =
1
2
2∑
m=−2
s(s)2mY2m(θ, ϕ) , (21)
where s(s)2m are the spherical components of s¯
jk (see Ap-
pendix A). The explicit relations between s(s)2m and the carte-
sian components are
s(s)2,−2 =
√
2pi
15
(s¯xx − s¯yy + 2is¯xy) ,
s(s)2,−1 = 2
√
2pi
15
(s¯xz + is¯yz) ,
s(s)2,0 =
2
3
√
pi
5
(−s¯xx − s¯yy + 2s¯zz) ,
s(s)2,1 = 2
√
2pi
15
(−s¯xz + is¯yz) ,
s(s)2,2 =
√
2pi
15
(s¯xx − s¯yy − 2is¯xy) . (22)
In addition, it is clear that the boundary conditions (17) are
also satisfied by the solution (20) given (0)(R) = p(0)(R) = 0
for GR solutions.
Now we can discuss the issue caused by treating ρ(1)GR in-
dependently. It reflects a tension between the solution of
ρ(1)GR in (20) and the definition of ρGR in (11). The problem
is that the first-order term generated by the relativistic fac-
tor
(
1 − 4piGrp
∂rUGR
)
(1 + 2r∂rUGR)−1 turns out not the same as its
zeroth-order derivative along r multiplied by −αr. In other
words, p(1) and (1) in Eqs. (20) are not strictly the first-order
solutions to the modified TOV equation that we propose. In-
stead, they solve Eqs. (15) in the sense that ρ(1)GR is not exactly
the first-order perturbation of ρGR but something more conve-
niently defined by the third equation in (20).
Then, there is the question why we care about this inaccu-
rate solution. First, we point out that the difference between
the convenient ρ(1)GR and the true ρ
(1)
GR lies in the relativistic fac-
tor
(
1 − 4piGrp
∂rUGR
)
(1 + 2r∂rUGR)−1. Therefore, the inaccuracy in
the Lorentz-violation corrections caused by using the conve-
nient ρ(1)GR is at the post-Newtonian level. The solution serves
as a decent estimate for numerically iterating Eqs. (15) with
the true ρ(1)GR. Secondly, the simple form of the solution makes
theoretic calculations involving (1) and p(1) possible. Despite
the inaccuracy at the largely irrelevant post-Newtonian level,
it still provides us an analytical picture to understand the be-
haviors of neutron stars under the influence of Lorentz viola-
tion.
Before applying it to neutron stars to exemplify our second
assertion about the solution, we would like to clarify that the
solution (20) is physical though its particular form suggests
that it can be generated from the Lorentz-invariant quantities
p(0)(r), (0)(r) and ρ(0)GR(r) by a coordinate transformation
r → r′ = (1 − α(θ, ϕ)) r . (23)
The inverse transformation seems to eliminate the Lorentz-
violation corrections, but actually just hides the effects into
the spatial part of the metric. Taking the Newtonian limit as an
example, the boundary of the fluid becomes the sphere r′ = R
in the (r′, θ, ϕ) coordinates. However, the spatial part of the
metric in these coordinates are
g′jk =
1 + 2α r
′∂θα r′∂ϕα
r′∂θα r′2 (1 + 2α) 0
r′∂ϕα 0 r′2 (1 + 2α) sin2 θ
 , (24)
with α(θ, ϕ) describing the same Lorentz-violation effects as
one would experience in the coordinates (r, θ, ϕ) with g jk =
η jk.
5FIG. 2. The distribution of the relative density correction,
ρ(1)(~x)/ρ(0)(r), in the equatorial section (the X-Y plane) of a neutron
star. We have assumed that all the other independent components of
the Lorentz-violation coefficient vanish except for s¯xy = 10−10. The
zeroth-order solution is obtained numerically with the EOS AP4 for
a neutron star with mass 1.44 M.
IV. NEWTONIAN QUADRUPOLE OF A NEUTRON STAR
Deformed neutron stars emit continuous gravitational
waves when rotating [54]. The quadrupole radiation is
the leading term in the post-Newtonian expansion. As the
quadrupole moments themselves are defined at the Newtonian
level using the baryonic rest mass density ρ, the solution (20)
is just accurate to give us the quadrupole moments caused by
the minimal Lorentz violation. Actually, the fact that both 
and ρGR become the baryonic rest mass density ρ in the non-
relativistic limit just shows that the perturbation solution is
self-consistent at the Newtonian level. The Lorentz-violation
correction to the baryonic rest mass density is then
ρ(1) = −α(θ, ϕ)r∂rρ(0)(r) . (25)
To illustrate the effect of Lorentz violation on the deforma-
tion of a neutron star, we plot in Fig. 1 the shape viewed from
three different angles with an unrealistically large component
of the Lorentz-violation coefficient s¯ jk. In addition, in Fig. 2
we plot the fractional correction to the density of a neutron
star, whose mass is fixed to 1.44 M with the EOS AP4 [12].
The more relevant value chosen for the component of s¯ jk in
Fig. 2 is based on its current bounds in Ref. [55].
Figures 1 and 2 show that in general both the shape of
the star and the density of the star become anisotropic under
the influence of Lorentz violation. This indicates anisotropic
quadrupole moments. Using Eq. (25), the quadrupole mo-
ments are found to be
I jk =
∫
Σ
x jxk
(
ρ(0)(r) + ρ(1)
(
~x
))
d3x =
1
3
(
δ jk + s¯ jk
)
I , (26)
where δ jk is the Kronecker delta and I = 4pi
∫ R
0 r
4ρ(0) dr is the
rotationally invariant trace of the quadrupole moments. The
anisotropy related to the quadrupole radiation is measured by
the ellipticity
e =
IYY − IXX
IXX + IYY
, (27)
where {IXX , IYY , IZZ} are the eigenvalues of I jk, and I jk is di-
agonalized in the (X, Y, Z) coordinates. The ellipticity (27)
applies to rotations along the Z-axis, and the case for a general
spin direction can be obtained with 3-dimensional rotations.
As an example, we consider the quadrupole radiation of
a deformed neutron star due to s¯xy alone spinning in the z-
direction. The coordinates that diagonalize I jk have the Z-axis
along the z-axis, while the X and Y coordinates are related to
(x, y) by the coordinate transformation
X =
1√
2
(x + y) ,
Y =
1√
2
(x − y) . (28)
The eigenvalues of I jk are
IXX =
1
3
(1 + s¯xy) I,
IYY =
1
3
(1 − s¯xy) I,
IZZ = Izz =
1
3
I. (29)
Then, the ellipticity associated with rotations along the Z-axis
is simply s¯xy at the leading order of Lorentz violation, and the
amplitude of the quadrupole radiation can be estimated as [54]
h0 =
4GΩ2
d
2
3
I s¯xy ' 7 × 10−28
(
1ms
P
)2 (1kpc
d
) (
s¯xy
10−10
)
, (30)
where Ω = 2piP is the angular velocity of the neutron star
with P being the spin period, and d is the distance of the
neutron star. To obtain the approximate numerical value,
we used M = 1.4 M for the mass of the neutron star and
R = 12 km for its radius. A uniform density is assumed
to estimate the trace of the quadrupole moments, namely
I = 35MR
2 = 2.4×1038 kg m2. Note that the moment of inertia
along any diameter of the uniform sphere is 23 I.
Continuous gravitational waves are important signals for
the LIGO/Virgo detectors. Various algorithms are being de-
veloped for possible events [56–61]. Although there is no de-
tection yet, meaningful constraints are already set from the
advanced detectors for different systems at levels of h0 .
10−25 [58, 62, 63] and e . 10−9–10−8 [61, 64]. The estimated
quadrupole radiation from Lorentz violation is too weak to
be detected currently. The idea of Lorentz violation, anyway,
provides a possible cause of continuous gravitational waves
for future observations. Also, it is important to keep in mind
that current constraints on s¯ jk [55] all assumed experiments
and observations involving only weak gravitational fields. We
expect Lorentz violation to be comparatively larger in a strong
gravitational scenario. It is possible that the quadrupole radi-
ation due to Lorentz violation might be comparable to or even
6greater than that of conventional deformations, like a moun-
tain on the star or the tidal interactions in a close binary [54].
Any future detection of continuous gravitational waves will
put independent constraints on Lorentz violation in strong-
field systems.
V. SUMMARY
We applied the minimal gravitational SME [29, 31] to a
static relativistic fluid to find the modified TOV equations that
describe a Lorentz-violation induced anisotropic neutron star.
Strictly speaking, the modified TOV equations were derived
at the Newtonian level as shown in Eqs. (10). A promotion of
them [51, 52] has been made to generate the relativistic ver-
sion by replacements (11) and (12). Then, treating Lorentz
violation as perturbation, we found an approximate analytical
solution (20) for the corrections to the fluid variables at the
leading order of Lorentz violation. The solution was immedi-
ately used to estimate the quadrupole gravitational radiation
for continuous gravitational waves. Our calculation shows
that the amplitude is too weak to be detectable at the moment,
but we expect that future observations of continuous gravita-
tional waves can make use of our result and set constraints on
Lorentz violation in the strong-field regime.
Finally, we point out that it is possible, if not straightfor-
ward, to generalize our results to the nonminimal gravitational
SME [30]. We believe that the solution (20) still applies at
the Newtonian level. A simple observation of the number of
indices in the nonminimal Lorentz-violation coefficients indi-
cates that higher spherical harmonics are involved in the de-
formation function α(θ, ϕ). The specific form of the factors
in front of the spherical harmonics like in Eq. (21) remains
undetermined until further calculations are performed.
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Appendix A: Determining α(θ, ϕ)
Substituting the solution (20) into Eqs. (15) and Eqs. (19),
we find that α(θ, ϕ) only needs to satisfy
−αr∂rU(0)GR = U(1)GR +
1
2
s¯ jkU(0) jkGR . (A1)
Expanding α(θ, ϕ) as
α(θ, ϕ) =
∑
l,m
αlmYlm(θ, ϕ) , (A2)
and using Eq. (18) and the second equation in (14) to calculate
U(1)GR and U
(0) jk
GR , we get
U(1)GR = 4piG
∑
l,m
4pi
2l + 1
αlmYlm(θ, ϕ)
(
l + 3
rl+1
∫ r
0
r′ l+2(0)(r′) dr′
−(l − 2)rl
∫ R
r
(0)(r′)
r′ l−1
dr′
)
, (A3)
and
s¯ jkU(0) jkGR = 4piG
∑
m
s(s)2mY2m(θ, ϕ)
(
1
r
∫ r
0
r′ 2(0)(r′) dr′
− 1
r3
∫ r
0
r′ 4(0)(r′) dr′
)
. (A4)
Note that we have used (0)(R) = 0 to eliminate the boundary
term in U(1)GR and η jk s¯
jk = 0 to eliminate the isotropic term in
s¯ jkU(0) jkGR . On the other hand, the left-hand side of Eq. (A1) is
−αr∂rU(0)GR = 4piG
∑
l,m
αlmYlm(θ, ϕ)
1
r
∫ r
0
r′ 2(0)
(
r′
)
dr′ .(A5)
By comparing, we obtain
αlm =
 12 s(s)2m, for l = 2 ,0, for l , 2 . (A6)
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